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Introduction
In this paper, we study universal polynomials of characteristic classes associated to A-classification theory of holomorphic map-germs (C m , 0) → (C n , 0) in low dimensions. Our aim is to apply them to classical enumerative geometry. In the singularity theory of maps, it is natural to identify two map-germs if they coincide through suitable local coordinate changes of the source and the target, that is called the A-equivalence of map-germs. A map-germ is called to be stable if any deformation of the germ is (parametrically) A-equivalent to the trivial one, and a holomorphic map f : X → Y between complex manifolds is locally stable if the germ of f at any point x ∈ X is stable. To each A-singularity type of map-germs, one can assign a unique universal polynomial in Chern classes, called the Thom polynomial [4, 5, 7, 10, 19, 22, 24, 30, 12] ; it is defined by the A-equivariant Poincaré dual to the A-orbit closure in the space of all map-germs (C m , 0) → (C n , 0). As a typical example, for the stable singularity type S 0 : (x, y 2 , xy) (crosscap) of map-germ (C 2 , 0) → (C 3 , 0), the Thom polynomial is given by . This counts the number of crosscaps in a given locally stable map from a surface into a 3-fold -precisely saying, for any locally stable map f : X → Y with dim Y = dim X + 1, T p A (S 0 ) evaluated by c i = c i (T X) and c ′ j = f * c j (T Y ) expresses the homology class of the S 0 -singularity locus of f in H * (X). Thom polynomials of stable singularity types of maps have been well studied (see Fehér-Rimányi [4, 5] , Kazarian [10] ), while those of unstable A-singularity types have been little known so far. Our first purpose is to compute Thom polynomials for the A-classification of (unstable) A-simple map-germs (C 2 , 0) → (C 2 , 0), (C 2 , 0) → (C 3 , 0) and (C 3 , 0) → (C 3 , 0)
in low codimensions (Theorem 2.6).
To compute the precise form of Thom polynomials, we use an effective method due to R. Rimányi [24] , called restriction or interpolation method, and indeed it works well for singularities of low codimension (Remark 2.8). For instance, for A-types
(k ≥ 1), their Thom polynomials are given by, e.g.
T p A (B 1 ) = −3c Such a local singularity of maps generically appears in families of maps, and hence the associated characteristic class expresses the degeneracy locus of that type; this is regarded as a non-linear version of the famous Thom-Porteous formula for degeneracy loci of vector bundle morphisms [6] . Precisely, it is described as follows. Let E and F be holomorphic fiber bundles over a complex manifold X with fiber C m and C n , respectively. Let ϕ be a holomorphic map from an open neighborhoods of the zero section Z E to F so that ϕ identifies the zero sections, ϕ(Z E ) = Z F , and the following diagram commutes:
That is, ϕ defines a family of holomorphic map-germs ϕ x : (E x , 0) → (F x , 0) parametrized by points of X analytically. Let η(ϕ) denote the locus consisting of x ∈ X at which the germ ϕ x is A-equivalent to a given type η : (C m , 0) → (C n , 0), and it becomes a locally closed subvariety of X. Then, for an appropriately generic ϕ, the closure of the η-locus is universally expressed by
where c i = c i (E) and c ′ j = c j (F ) are the Chern classes of E and F respectively (Theorem 2.3).
We apply these universal polynomials to enumerative problems in classical algebraic geometry. As it is dealt in old literatures, e.g. Salmon [25] , Baker [2] , Semple-Roth [28] , or reformulated within modern intersection theory in Piene [20] (also Kleiman [12] ), it is a typical question to seek for formulae of numerical characters of a given projective surface; for instance, polar classes are indeed defined by the critical loci of general linear projections, so those should directly be connected with Thom polynomials [20, 27] . Furthermore, richer structures in local extrinsic geometry of embedded surfaces in projective or affine spaces have been re-explored as an application of A-classification theory of map-germs [1, 3, 9, 15, 16, 17, 18, 21, 23, 26, 29, 32] ; for instance, the contact of a line with a given surface is measured by the A-equivalence type of its projection along the line. From this context, we study a counting problem of lines having some prescribed contact with an embedded surface. First, we rediscover classical formulae of Salmon-Cayley-Zeuthen for smooth surfaces in P 3 and generalize them to the case of surfaces with ordinary singularities (Theorem 3.5, Remark 3.8). The same approach is also applied to smooth surfaces in P 4 (Theorem 3.9); seemingly, this case was not well examined in old literatures. Indeed, the contact of lines has been studied rather recently by using the A-classification of map-germs (
Mond's thesis [15] , see also [3, Appendix] . Let X be an appropriately generic surface in P 4 ; the projection along almost all tangent lines l is of crosscap S 0 , while along the asymptotic line, the projection is of type B 1 (= S 1 ) or worse; in particular, the B 2 -singularity and the H 2 -singularity occur on curves on X and these two curves meet each other tangentially at some discrete points where the P 3 -singularity appears in the projection (that is an analogy to the cusp of Gauss on a surface in 3-space). Our concern is to compute the degree of such special loci on X. To each pair (x, l) with x ∈ X and x ∈ l, we associate the germ at x of the projection of X along l to a hyperplane P 3 (x,l) transverse to l passing through x, that yields a family of holomorphic map-germs
over the flag manifold of pairs (x, l). We then apply T p A (η) to the family ϕ, and push it down to the ambient P 4 to get the desired enumeration. In particular, if X is a smooth complete intersection of degrees d 1 and d 2 in P 4 , the degree given by T p A (B 1 ) is equal to 2d 1 d 2 (that is obvious, because at every general point x ∈ X there are exactly two asymptotic lines); the degrees of loci of types B 2 , H 2 , P 3 are now easily given by
Our method produces a bunch of enumerative formulae of this kind, and actually most of those are new. Rather than such formulae, the main point is to propose a general framework based on singularity theory for certain enumerative problems. We emphasize that there are a number of different objects in projective algebraic geometry to which the A-classification of map-germs can suitably be applied, e.g., osculating planes of a space curve, subspaces having a prescribed contact with a hypersurface, singular points of a scroll, singularities of the focal surface associated to a line congruence or a line complex, and so on; it would be promising to develop classical works on enumerations of such objects by means of our universal polynomials.
Thom polynomials in A-classification
2.1. Universal classes of singularity loci of prescribed local types. Let π E : E → X and π F : F → X be holomorphic fiber bundles over a complex manifold X with fibers C m , C n and zero sections Z E , Z F , respectively. A holomorphic family of map-germs ϕ : (E, Z E ) → (F, Z F ) is defined to be the germ at Z E of a holomorphic map ϕ : U → F from an open neighborhood U of Z E to F so that π F • ϕ = π E and ϕ : Z E ≃ Z F . In fact, a weaker notion is sufficient for our purpose; we say that ϕ a continuous family of holomorphic map-germs if ϕ : U → F is continuous and the restriction ϕ x : E x ∩ U → F x to each fiber is holomorphic. For simplicity, we work with holomorphic families of map-germs, unless specifically mentioned.
ically induces a holomorphic family ϕ of map-germs from E = T X to F = f * T Y which corresponds to the map
It may be given by the germ at the diagonal of f × f : X × X → Y × Y with projections to the second factors. Definition 2.2. Let η be an A-type of map-germs (C m , 0) → (C n , 0). For a family ϕ : (E, Z E ) → (F, Z F ) over X, we define the η-singularity locus of ϕ by
Given an A r -invariant subset η ⊂ J r (m, n), there is an associated subbundle η(E, F ) in J r (E, F ). The r-jet extension j r ϕ : X → J r (E, F ) is naturally defined by assiging j r (ϕ x )(0) to x ∈ X, and then put η(ϕ) := j r ϕ −1 (η(E, F )). We say that ϕ is admissible with respect to η if the equality
holds. For instance, when j r ϕ is transverse to (a Whitney stratification of) the closure η(E, F ), ϕ is admissible. Theorem 2.3 (Thom polynomials in A-classification [30, 7] ). For an A-type η of (C m , 0) → (C n , 0) with finite codimension s, there is a unique class
for any admissible continuous family ϕ : (E, Z E ) → (F, Z F ) of holomorphic mapgerms with fibers C m and C n .
Proof : For the sake of completeness, we briefly give a proof, although it is straightforward from the definition [7] . There are the classifying maps ρ 1 : X → BGL(m) and ρ 2 : X → BGL(n) for linealized bundles (as topological vector bundles) E → X and F → X, respectively, so that the pullback of Chern classes c := c(ξ 1 ) and c ′ = c(ξ 2 ) of the universal vector bundles ξ i (i = 1, 2) are just c(E) and c(F ). Put B = BGL(m) × BGL(n), and let π B : J r (ξ 1 , ξ 2 ) → B denote the universal fiber bundles with fiber J r (m, n) and structure group GL(m) × GL(n) ∼ A r m,n . The jet bundle has the subbundle η(ξ 1 , ξ 2 ) with fiber η; then we can define
in the cohomology which is canonically isomorphic to
via the pullback of the projection π B . Put ρ = ρ 1 × ρ 2 : X → B, andρ the bundle homomorphism over ρ. By the above construction,
This completes the proof.
It is well-known that f : X → Y is locally stable if and only if the jet extension jf is transverse to any A-orbits; it is also equivalent to that jf is transverse to any K-orbits. Thom polynomials for K-orbits (or A-orbits of stable germs) have particularly simpler forms as follows. Letc i denote the i-th term of (1 + c
Theorem 2.4 (Thom polynomials for stable singularities, cf. [4, 10, 19] ). For a stable singularity type η :
is a polynomial in the quotient Chern classc i ; we write it simply by T p(η). In particular, for any locally stable map f : X → Y , the η-singularity locus is expressed by the polynomial in
Example 2.5. For stable singularity types of (
Also for stable singularities of (C n , 0) → (C n+1 , 0), here are some examples:
2.2.
A-classification of map-germs and main results. In late 80's and 90's, there have been done the A-classifications of map-germs in some particular dimensions. First we quote part of the classification results below.
• Table 1 :
• Table 2 :
• Table 3 :
Our main result is to determine the precise form of T p A for A-singularities in these classification. Theorem 2.6. The Thom polynomials T p A (η) for A-singularities in Tables 1, 2  and 3 are given in Tables 4, 5 and 6, respectively. Remark 2.7. Note that for some A-types η, T p A (η) are written in quotient Chern classes (e.g., Swallowtail, Butterfly and Sharksfin in Table 1 ); T p A (η) = T p(η). It is the case that the A-orbit η is an open dense subset of its K-orbit. If η is a proper subset in its K-orbit, then T p A (η) can not be written in quotient Chern classes.
. P3 is unimodal with a parameter c.
Butterfly (=A 4 )c Type Thom polynomial S 0c2 B 1 (= S 1 ) −3c Type Thom polynomial To compute T p A (η), we make use of an effective method due to R. Rimányi, called the restriction method [24, 4, 10 ]. Below we demonstrate the computation of T p A (B 1 ) for the A-singularity
It has A-codimension 3, thus we may write
with unknown coefficients x 1 , . . . , x 9 . So our task is to determine these coefficients. The key point is a simple fact that weighted homogeneous map-germs admit a canonical action of the torus T = C * = C − {0}. Take an A e -versal unfolding of type B 1
then the T -actions on the source and the target are diagonal:
Take the dual tautological line bundle γ = O P N (1) over a projective space of high dimension N ≫ 0 or say, P ∞ = BC * , the classifying space for C * . We set the following vector bundles:
and then by using the normal form of B 1 and C * -action we can define a holomorphic family of map-germs so that the restriction of each fiber is A-equivalent to the versal unfolding of type B 1 :
, which is canonically isomorphic to the cohomology of the total spaces of these vector bundles via the pullback of the projection to the base P ∞ . Chern classes of those bundles are written by
Similarly, to each of other singularity types with A-codimension less than or equal to that of B 1 , i.e., A 0 (immersion), S 0 , we can associate a holomorphic family, the universal map of that type. Apply T p A (B 1 ) to the holomorphic family, then the result must be zero, because the B 1 -singularity does not appear. Consequently, we obtain ten more equations as follows (called the homogeneous equations):
g 04 : x 3 + 2x 4 + 3x 6 + x 7 + x 8 = 0 g 05 : 3x 1 + x 2 + 3x 3 + 3x 4 + x 5 + 3x 6 + x 7 + x 8 = 0 g 06 : 2x 3 + 4x 4 + x 5 + 6x 6 + 2x 7 + 3x 8 + x 9 = 0 g 07 : x 1 + 2x 3 + 4x 4 + 8x 6 + x 7 + 2x 8 = 0 g 08 : x 1 + 3x 3 + 9x 4 + 27x 6 + 2x 7 + 6x 8 = 0 g 09 : 3x 1 + x 2 + 7x 3 + 16x 4 + 2x 5 + 36x 6 + 6x 7 + 13x 8 + 2x 9 = 0 g 10 : 3x 1 + x 2 + 8x 3 + 21x 4 + 3x 5 + 54x 6 + 7x 7 + 19x 8 + 2x 9 = 0
The first six equations come from A 0 : (x, y) → (x, y, 0): the symmetry group is T 3 acting on the source and the target in an obvious way, that induces f A0 :
The last four come from S 0 . Solving the above system of eleven linear equations of unknowns x 1 , · · · , x 9 (in fact, the equation is over-determined), we obtain T p(B 1 ) = −3c
In entirely the same way, we can compute Thom polynomials for other Asingularities types.
Remark 2.8. Necessary inputs for computing Thom polynomials via the restriction method are the weights and degrees of quasi-homogeneous normal forms of germs (or jets) in the classification. In Tables 2 and 3 , all the normal forms are quasi-homogeneous. However, in Table 1 , Butterfly, Gulls and Sharksfin are not so. Then, we instead work over 5-jets; there is an invariant stratification of J 5 (2, 2) up to codimension 4 so that those strata correspond to equisingularity types (or topological A-classification) of plane-to-plane germs [23] . Every stratum admits a representative of quasi-homogeneous 5-jet, thus the restriction method works and one gets corresponding Thom polynomials as in Table 4 . A trouble comes to Atypes of codimension 5; Butterfly (x, xy + y 5 + y 7 ) and Elder butterfly (x, xy + y 5 ) are different A-types but equisingular; they are 7-A-determined of A-codimension 4 and 5, respectively. It is very hard to compute the T p A of Elder butterfly, because Butterfly in 7-jets is not quasi-homogeneous (so the restriction method does not work). To compute it, we need some different technique, e.g. a resolution of the A-orbit of Elder butterfly in J 7 (2, 2). In fact, Tables 4, 5 and 6 are the best results using the restriction method, since higher codimensional A-types beyond tables have normal forms with moduli parameters or quasi-homogeneous normal forms.
Counting singular projections
3.1. Singularities of projections. We are concerned with counting lines l tangent to a smooth projective variety X m ⊂ P n+1 at some point x ∈ X with prescribed contact types. First, take a point q ( = x) ∈ l and consider the linear projection from q mapped to a hyperplane transverse to l at x; that defines a holomorphic family over the space F of triples (x, l, q) with x ∈ X and x, q( = x) ∈ l:
The A-type of ϕ (x,l,q) does not depend on the choice of general q lying on l, while it can be more degenerate when taking q at some special position. So we call the map-germ from general q the projection of X along l at x, for short. Below, we summarize some classification results (Theorem 3.1, Theorem 3.3), that tell us of which A-types should be considered in our problem. For such an A-type η of (C m , 0) → (C n , 0), we set the η-singularity locus of X to be the locus of points x ∈ X having a tangent line along which the projection is of type η. What we want is to compute the degree of the η-singularity locus. Here we use our universal polynomial T p A (η). Note that the Thom polynomial can not directly be applied to ϕ (x,l,q) , because the base space F is not compact. A key idea is to introduce a certain family of ϕ over the flag manifold of (x, l) by choosing q = q (x,l) at the 'infinity on l with respect to x' so that generically q does not meet any special positions, see (5) and (6) in §3.2.
• Surfaces in 3-space. The contact of any lines with a generic smooth surface in P 3 has been studied in [1, 21] (cf. [13, 9] ), and for a singular surface with crosscaps, in [32, 31] . The flag manifold of (x, l) in this case has dimension 4. Thus, by a standard argument of transversality, the projection along lines of a generic surface must have singularities of A-codimension at most 4. However, it turns out that not all A-types may appear, for some constraint is caused by the geometric setting. Indeed, it is shown that Theorem 3.1. [21, 9, 32] For a generic surface in P 3 with ordinary singularities, it holds that for any point x of the surface and for any line l passing through x, the projection of the surface along l at x is A-equivalent to one of all but the Goose singularity in Table 1 .
Remark 3.2. The main point of the proof is briefly explained as follows. In [21] (also [9, 26, 32] ), one considers the holomorphic family ϕ (x,l,q) of central projections over the space F ; the transversality condition of its jet extension with A-orbits is imposed for classifying singularities of the projection, that is, this condition provides the required genericity of embeddings of the surface by a version of transversality (or Bertini-type) theorem. A major task is to find the local defining equation of the η-singularity locus for ϕ (x,l,q) in F -in particular, for the Goose type, it contains an equation of q (with coefficients depending on (x, l)), which defines the special position of viewpoints on l, while there appears no equations of q for other types η in Table 1 . That is why this type is excluded in Theorem 3.1.
Let us see some geometric characterizations. Let X be a surface in P 3 and x ∈ X. In general, there are exactly two asymptotic lines, i.e. tangent lines at x having at least 3-point contact with X; the projection along a non-asymptotic line at x is of type Fold, and the projection along an asymptotic line is generically of Cusp. A flecnodal point is the point so that one of asymptotic line has at least 4-point contact (then X ∩ T x X has a node at x with an inflection); in other words, the projection along the line is of Swallowtail or worse. A parabolic point is the point which has a unique asymptotic line (doubly counted); the projection along the asymptotic line is of Lips/Beaks or worse. At every parabolic point the Goose singularity is generically observed in the projection from a special viewpoint q on the asymptotic line, just as mentioned in Remark 3.2. The parabolic curve (resp. flecnodal curve) is defined to be the closure of the locus of parabolic points (resp. flecnodal points). The parabolic curve becomes to be smooth, and the flecnodal curve is smooth but only finitely many nodes; furthermore, these two curves meet each other tangentially at cusps of Gauss -those points are actually the locus of Gulls singularity, i.e. the projection along the asymptotic line is of type Gulls. The flecnodal curve may be tangent to asymptotic lines at some isolated points on the curve, that corresponds to the locus of Butterfly.
In case that X admits ordinary singularities, the resolution of singularities gives a stable map f : M → P 3 (with X = f (M ) and M smooth). Notice that the corank 2 singularity I 2,2 appear in the projection at a crosscap x ∈ X; more precisely, it appears in the composed map of f and the projection along l = df p (T p M ) (x = f (p)) (cf. [31] ). Projective differential geometry of parabolic and flenodal curves around a crosscap has been explored rather recently in [32] ; it is shown that the preimage in M of each curve has a node at the crosscap point, and each smooth branch of the flecnodal curve has 4-point contact with a smooth branch of the parabolic curve.
• Surfaces in 4-space. The contact of any lines with a generic smooth surface in P 4 has firstly been considered in [15] (see also [3, Appendix] ). The projection along lines must have A-codimension ≤ 5, but some A-types do not appear. Theorem 3.3. [15, 3] For a generic surface in P 4 , it holds that for any point x of the surface and for any line l passing through x, the projection of the surface along l at x is A-equivalent to one of types in Table 2 except for S 2 , S 3 , B 3 and C 3 .
For a smooth surface X in P 4 , the 2-jet at a point x ∈ X may be expressed by (u, v, Q 1 , Q 2 ) in an affine chart centered at x, where Q 1 , Q 2 are binary forms in local coordinates u, v of X. If Q 1 and Q 2 are dependent, the point x is called an inflection point. If not, they define a line L in the space of binary forms ≃ P 2 . Let C ⊂ P 2 be the curve of perfect squares, a conic; a point of L ∩ C is the square of a linear form, and the kernel of the linear form is called an asymptotic line of X at x. If L is transverse (resp. tangent) to C, the point x is called hyperbolic (resp. parabolic). Let X be generic as in Theorem 3.3. At a hyperbolic point, the projection along an asymptotic line is of type B 1 (= S 1 ) or B 2 ; the B 2 -singularity occurs on a curve on X, while other types S 2 , S 3 , B 3 and C 3 are observed from some special viewpoints on an asymptotic line, thus excluded from our consideration (see [3, Appendix] ). At a parabolic point, the projection along the unique asymptotic line is of type H 2 or worse H 3 , P 3 ; in particular, the H 2 -locus is nothing but the parabolic curve. The curve admits some discrete points where H 3 and P 3 -singularities appear; at the latter points, the parabolic curve meets the B 2 -curve tangentially (the asymptotic line is also tangent to the curve). Inflection points are singular points of the parabolic curve; the projection along any tangent line is of type B 1 or worse. As a remark, the classification of singularities of orthogonal projections in the affine setting has some difference [18] , e.g., the S 2 -singularity occurs on a curve and each of types S 3 , B 3 and C 3 appears on some discrete points.
• Primals in 4-space. In the same way as above, the contact of any lines with a generic smooth 3-fold X in P 4 (classically called a primal) has partly been studied in Nabarro [17] as an application of the A-classification of (C 3 , 0) → (C 3 , 0); several loci in X up to codimension one are characterized by singular projections of Acodimension ≤ 4 ( Table 3) . As for the geometry of higher codimensional loci in X, it seems that nothing has been known so far.
Surfaces in P
3 . Let X ⊂ P 3 be a reduced surface of degree d having only ordinary singularities, that is, crosscap and double and triple points -they are locally defined, respectively, by equations
Take a resolution of singularities, we have a stable map f : M → P 3 with X = f (M ) and M smooth (it is not necessary that M is embedded in some higher dimensional projective space and f is a linear projection). We denote the number of crosscaps and triple points by C and T respectively. Let D (⊂ X) denote the double point locus of X; then D is a space curve with triple points and singular points at crosscaps. Denote by ǫ 0 the degree of D.
We denote the hyperplane class of P 3 by
Put integers ξ 1 , ξ 2 , ξ 01 such that
Now we recall in Table 7 the double and triple point formulae of maps f : M → N from a surface into 3-space (i.e. Thom [12, 10] ): Table 7 . T p of stable multi-singularities of
Applying these universal polynomials to f : M → P 3 , it immediately follows that
Thus we may express ξ 1 , ξ 2 , ξ 01 in terms of ǫ 0 , C, T as follows -these formulae are actually classical [20, Prop.1]; indeed, ξ 01 − 4 and ξ 2 + 1 coincide with the ZeuthenSegre invariant and the Castelnuovo-Enriques invariant of X, respectively, in [28, pp.223-224]:
Lemma 3.4. It holds that
Now we consider projections of X along lines. Let G 3 denote the Grassmanian manifold of 2-dimensional subspaces λ ⊂ C 4 , or equivalently the Grassmanian of all lines l ⊂ P 3 ;
Note that dim G 3 = 4. Take the flag manifold
and the pullback
together with the following diagram (cf. [11] ):
Recall the Euler sequence over P 3 :
where ǫ 4 is the trivial vector bundle of rank 4 over P 3 , γ is the tautological line bundle O P 3 (−1) and Q is the quotient subbundle of rank 3. The projectivization of Q is denoted by π : P (Q) → P 3 ; the fiber at x is the projective space P (Q x ). A point of P (Q x ) corresponds to a line of Q x , that defines a projective line l ⊂ P 3 passing through x, i.e. a flag x ∈ l. That leads to the canonical identification
Over the total space P (Q), the tautological line bundle L is defined:
This leads to an exact sequence of vector bundles over P (Q):
The Euler sequence over the Grassmaniann G 3 is
where S is the tautological bundle of rank 2:
and V is the quotient bundle of rank 2. Take the pullback of this sequence viā h : P (Q) = F 3 → G 3 . At a point (x, l) ∈ P (Q), the fiberh * S (x,l) is identified with the 2-dimensional subspace λ so that P (λ) = l ⊂ P 3 (the relation x ∈ l corresponds to γ x ⊂ λ, where γ x is the line representing x in C 4 ). So we may choose a line
e.g. take the orthogonal complement to γ x in λ by a fixed Hermitian metric of C 4 . That yields an isomorphism of (topological) vector bundles
To each (x, l) ∈ F 3 , we associate the viewpoint
and the projection
Recall that a stable map f : M → X ⊂ P 3 is given. Let p ∈ M and x = f (p). Given a line l ∈ P 3 , we can define a holomorphic map-germ at p
by composing pr q and f : M → P 3 . Note that the tangent space of the screen projective plane is identified as follows:
Thus we get a family of holomorphic map-germs
For short, we denote by T M and γ * ⊗ V the pullback g * T M and g
Notice that the family ϕ is admissible for a generic surface X in Theorem 3.1 and for a generic choice of our viewpoints q (x,l) lying on l. That follows from the proof of Theorem 3.1 as mentioned in Remark 3.2. The projection from any q ( = x) ∈ l yields a holomorphic family ϕ (x,l,q) over the space of (x, l, q). By the transversality of the jet extension of ϕ (x,l,q) with A-orbits (as discussed in [21, 9] ), the space of (x, l, q) is stratified according to the A-types. Then it suffices to choose a continuous section (x, l) → (x, l, q (x,l) ) to be transverse to the strata.
Let X be generic as in Theorem 3.1. For each A-type η of plane-to-plane map-germs (Table 1) , set
Note that for each η except for Goose, the closure of η(ϕ) does not depend on the choice of q (x,l) . Projecting it to X, we have the η-singularity locus of X as explained in §3.1:
• the locus of Lips/Beaks = the parabolic curve;
• the locus of Swallowtail = the flecnodal curve;
• the locus of Butterfly = degenerate flecnodal points;
• the locus of Gulls = cusps of Gauss;
• the locus of corank 2 singularity = crosscaps;
• the locus of Goose (in the above sense) depends on our choice of q (x,l) , see Remark 3.7.
Then by Theorem 2.6 we have
where
Let us compute the degree of the universal polynomial. Set
then it is well-known that
Note that
and hence
together with a and t. Push it down via π • i = f • g : F M → P 3 by using well-known formulae Type Degree Parabolic curve
Cusp of Gauss 2d(d − 2)(11d − 24) − 25C + 66T + ǫ 0 (184 − 66d) Crosscap C Table 9 . Expression in d, T , C and ǫ0.
Theorem 3.5. For a generic surface X of degree d in P 3 with ordinary singularities, we take a stable map f : M → P 3 with X = f (M ). Then the degree of the locus having singular projection with prescribed type are expressed by the Chern numbers d, ξ 1 , ξ 2 , ξ 01 associated to f as in Table 8 .
By Lemma 3.4, we have the following expressions in terms of d, C, ǫ 0 , T : Corollary 3.6. The degrees as in Theorem 3.5 are also expressed by four numerical characters such as the degree d of X, the number of crosscaps C, the number of triple points T , and the degree of double curve ǫ 0 in Table 9 . Table 9 generalizes some classical formulae of Salmon-Cayley-Zeuthen for smooth surfaces in P 3 , see Remark 3.8 below.
Remark 3.7. (Tp for Goose) In entirely the same way as above, we compute the degree for T p A of Goose type and obtain the number
It counts the following special parabolic points. As mentioned in §3.1, at each parabolic point x, there is a unique viewpoint on the asymptotic line l, sayq (x,l) ∈ l, from which the germ at x of the central projection is of the Goose type (Lips/Beaks is observed from any other points on l). In fact, the locus of special viewpoints q (x,l) in P 3 is a space curve formed by the cuspidal edge of the scroll (ruled surface) consisting of all asymptotic lines over parabolic curves [1, 21] . On the other hand, in our construction of the family ϕ, we have chosen the viewpoint q (x,l) at the 'infinity with respect to x'. So we have different two sections q (x,l) andq (x,l) of the projective line bundle P (λ) over the parabolic curve whose fibers are the asymptotic lines. The intersection number of these two sections is just the above degree of T p A of Goose. Table 9 with T = C = ǫ 0 = 0. In 80's, following the classification of projections [1, 21] , Kulikov [11] rediscovered the degree of the flecnodal curve and the number of the Butterfly locus by applying Thom polynomials of stable A k -singularities ( [22] ) to the map h : F M → G 3 between 4-folds. However, the parabolic curve could not be dealt in the same way. Our approach is close to Kulikov's but more consistent; degrees of all singularity loci are simply obtained in a unified way using T p A of unstable A-types.
4 . We extend the above argument to the following situation. Let X be a generic surface of degree d with transverse double points in P 4 , and f : M → P 4 an immersion with X = f (M ) and M smooth, which resolves the double points. Put G 4 := G(2, 5) = G(P 1 , P 4 ). We set the flag manifold to be
and set the pullback
with the diagram of projections and inclusions similar to the previous one. Take the Euler sequence over P 4 :
where γ is the tautological line bundle, and then P (Q) = F 4 . Over the Grassmaniann G 4 , let S denote the tautological bundle of rank 2 and V the quotient bundle of rank 3. In entirely the same way as in the previous subsection, we define ϕ : g * T M → g * γ * ⊗ h * V , as a family of holomorphic map-germs (C 2 , 0) → (C 3 , 0) over F M .
We set a := c 1 (O P 4 (1)) and t := c 1 (O P (Q) (1) The flag manifold F X of pairs (x, l) of points and lines with x ∈ l is now of dimension 6, and there is associated a family of holomorphic map-germs ϕ : g * T X → g * γ * ⊗ h * V over F X . Chern classes c i (γ * ⊗ V ) have been computed in 3.2, and c(T X) = (1 + a) 5 (1 + da) −1 . Substituting them to c, c ′ in T p A (η) in Table  6 , we obtain the following: Theorem 3.11. For a generic smooth hypersurface X of degree d in P 4 , the degree of the locus having singular projection with type A 3 , A 4 , C, D are expressed in Table  12 .
Remark 3.12. Since we assume that X is smooth, any projection has singularities of corank at most 1, so T p A (I 2,2 ) is zero. Also a computation shows that the degree of the pushforward of T p A (A 3 ) is equal to 6d. In fact, there are exactly six degenerate asymptotic lines at any general points x ∈ X (lines having at least 4-point contact with the hypersurface); all asymptotic lines at x form a conic in P(T x X) ≃ P 2 , and moreover, degenerate asymptotic lines are given by one more equation of degree three (cubical form of the Monge form), thus by the Bezoút theorem, generically six solutions are there.
